Abstract. The purpose of this article is to study Ricci soliton on warped product manifolds. First, varios properties of conformal and concurrent vector fields on warped product manifolds have been obtained. Then we study Ricci soliton on warped product manifolds admitting either a conformal vector field or a concurrent vector field. Finally, we study Ricci soliton on some spacetimes.
An introduction
A Riemannian manifold (M, g) is called to admit a Ricci soliton structure, denoted by (M, g, ζ, λ), if there exists a vector field ζ ∈ X (M ) and a scalar λ satisfying
where Ric denotes the Ricci tensor of M and L ζ denotes the Lie derivative in the direction of ζ. A Ricci soliton is said to be shrinking, steady or expanding if the scalar λ is positive, zero or negative respectively If ζ = grad u, for a smooth function u, the Ricci soliton (M, g, ζ, λ) = (M, g, u, λ) is called a gradient Ricci soliton and the function u is called the potential function. Gradient Ricci solitons are natural generalizations of Einstein manifolds [1] . The study of Ricci solitons was first introduced by Hamilton as fixed or stationary points of the Ricci flow in the space of the metrics on M modulo diffeomorphisms and scaling [9] . Since then, ricci solitons have been extensively studied for different reasons and in different spaces [4, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . A large and growing body of research has continued to study Ricci soliton after Pereleman used Ricci soliton to solve the Poincare conjecture posed in 1904.
As far as we know, the concept of Ricci soliton has been studied neither on warped products nor on generalized space-time models up to this paper in which we intent to fill this gap in the literature by providing a complete study of warped product Ricci solitons. The concept of a concurrent vector field in warped product manifolds has been introduced and investigated. Various properties of concurrent vector fields have been obtained. Then we study warped product Ricci solitons admitting conformal, concurrent or Killing vector fields.
The article is organized as follows.
Preliminaries
Let (M i , g i , D i ) , i = 1, 2 be two C ∞ Riemannian manifolds equipped with Riemannian metrics g i where D i is the Levi-Civita connection of the metric g i . Let
be the natural projection maps of the Cartesian product M 1 ×M 2 onto M 1 and M 2 respectively. Also, let f : M 1 → (0, ∞) be a positive real-valued smooth function. The warped product manifold M 1 × f M 2 is the the product manifold M 1 × M 2 equipped with the metric tensor g = g 1 ⊕ f 2 g 2 defined by g = π
) be a Riemannian warped product manifold with warping function
where ∇f is the gradient of f .
The following proposition describes the Ricci curvature Ric of the warped product manifold in terms of the lift of Ricci curvatures,
) be a Riemannian warped product manifold with warping function f > 0 on M 1 . Then
A vector field ζ ∈ X (M ) on a manifold (M, g) with metric g is called a conformal vector field if L ζ g = ρg where L ζ is the Lie derivative on M with respect to ζ and ρ is a smooth realvalued function defined on M [5, 6, 8] . If ρ is non-zero constant or zero, ζ is called homothetic or Killing respectively. One can redefine these three vector fields using the following identity. Let ζ be a vector field, then
for any vector fields X, Y ∈ X (M ). A good and simple characterization of Killing vector fields is given in the following proposition [23] . The proof is direct using the symmetry in the above identity. 
for any vector field X ∈ X (M ). Now we consider Killing vector fields on Riemannian warped product manifolds. The following simple result will help us to present a characterization of Killing vector fields on warped product manifolds [7, 23] .
be a vector field on the Riemannian warped product manifold M 1 × f M 2 with warping function f . Then for any vector field
be a vector field on the Riemannian warped product manifold M 1 × f M 2 with warping function f . Then ζ is a Killing vector field if one of the following conditions hold (1) ζ = ζ 1 and ζ 1 is a killing vector field on M 1 .
(2) ζ = ζ 2 and ζ 2 is a killing vector field on
The converse of the above result is considered in following theorem [23] .
be a killing vector field on the warped product manifold M 1 × f M 2 with warping function f . Then [7] the authors proved similar results in standard static space-times using the following identity.
where
is the Lie derivative on M i with respect to ζ i , i = 1, 2.
Concurrent vector fields on warped product manifolds
A vector field ζ on a Riemannian manifold M which satisfies
for any vector field X ∈ X (M ) is called a concurrent vector field [3] . It is clear that a concurrent vector field is a homothetic one with factor ρ = 2 since
where H u is the Hessian tensor defined on M . Let ζ be a concurrent vector field and let u =
i.e. ζ = ∇u. The converse is also true as in the following proposition.
Proposition 7.
A vector field ζ on a manifold M is concurrent with respect to a Riemannian metric g if and only if
Thus a concurrent vector field is a gradient vector field.
Proof. Suppose that ζ is a concurrent vector field on M . Then
The first n 1 equations of (3.1) imply that
The tangential and normal parts of the last equation are
Equation (3.2) implies that ζ 1 is concurrent vector field on M 1 . The second equation implies that ∂ i (ln f ) = 0 or ζ 2 = 0 Now, we have two cases: Case 1: ∂ i (ln f ) = 0, i = 1, 2, ..., n 1 : This equation implies that f is constant. Now, we use the second n 2 equations of (3.1)
is a concurrent vector field on M 2 . Thus the first condition holds.
Case 2: ζ 2 = 0: Now, we use the second n 2 equations of (3.1)
This equation imply that ζ 1 (ln f ) = 1 and hence ζ 1 (f ) = f . This is the second condition. Conversely, suppose that the first condition holds. Then for i = 1, 2, ..., n 1 we have
∂i ζ 1 = ∂ i and for i = n 1 + 1, n 1 + 2, ..., n 1 + n 2 we have
Therefore, ζ is a concurrent vector field. Now suppose that the second condition holds. Then for i = 1, 2, ..., n 1 we have
and for i = n 1 + 1, n 1 + 2, ..., n 1 + n 2 we have
Therefore ζ is concurrent in this case also and the proof is complete.
Remark 1. The above result ensures that
(1) There is no concurrent vector field on M 1 × f M 2 of the form ζ = ζ 2 . Thus, there is no space-like concurrent vector field on I × f M . 
where a > 0 and t + c > 0.
Example 2. Let I × cosh t M be a warped product manifold of an open connected interval I and a Riemannian manifold (M, g) with metric
The vector field ζ = coth t∂ t satisfies that
But ζ is not concurrent on I × cosh t M since ζ 1 = coth t∂ t is not concurrent on I.
Warped product Ricci solitons
A smooth vector field ζ = (ζ 1 , ζ 2 ) on a Riemannian warped product manifold
where L ζ is the Lie-derivative of the metric tensor g with respect to ζ, Ric is the Ricci tensor of (M, g) and λ is a constant. Let (M, g, ζ, λ) be a Ricci soliton where
It is clear that (M, g) is Einstein with factor λ − ρ if and only if ζ is conformal with factor 2ρ. Using equation (2.4) we can prove the following proposition.
The following result is an immediate consequence of Proposition 5. 
(1) ζ 2 is conformal with factor 2ρ, (2) grad f = c where c ∈ R, and
Theorem 4. Let (M, g, ζ, λ) be a Ricci soliton and ζ be a concurrent vector field on M where Proof. Let (M 1 × f M 2 , g, ζ, λ) be a Ricci soliton and ζ be a concurrent vector field on
Suppose that X = X 2 and Y = Y 2 , then by using Proposition 2 we get that
Since ζ is concurrent and ζ 2 = 0, ζ 2 is concurrent and f = c is constant. This implies that f * = 0 and so
i.e. M 2 is Einstein with factor µ = (λ − 1) f 2 . This equation is true for any vector field in X (M 2 ) and so
Let ζ 2 , e 1 , e 2 , ..., e n2−1 be an orthogonal basis of X (M 2 ), then the curvature tensor is given by
Thus Ric 2 (ζ 2 , ζ 2 ) = 0. By substitution in equation (4.4) we get that λ = 1 and so equations 4.2 and 4.3 imply that Ric (X, Y ) = Ric 2 (X 2 , Y 2 ) = 0. Now suppose that X = X 1 and Y = Y 1 , then by using Proposition 2 we get that
It is easy to show that all of them are shrinking Ricci soliton with the same factor λ = 1. Moreover, ζ and ζ i are gradient vector fields with potential functions u = 1 2 g (ζ, ζ) and
i.e. ζ = ∇u and similarly ζ i = ∇ i u i .
2 is a gradient Ricci soliton with φ 2 = u at some fixed point of
ζ is concurrent on M . The second case implies that uḟ = f and so f = b (t + a) where b > 0 and t + a > 0. 
It is clear that the vector field is perpendicular to M . Suppose that ∂ t , ∂ 1 , ∂ 2 , ..., ∂ m are orthogonal bases of X M , then the Hessian tensor of u is given by
Now we have the following cases. The first case when X = Y = ∂ t . In this case we have
The second case when X = ∂ t and Y = ∂ i , i = 1, 2, ..., m. In this case 
